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C A V I T Y  

We study theoret ical ly  and experimental ly the motion of metal  ar is ing f rom a plane shock 
wave striking a V-shaped cavity. Using the functionally invariant solutions of Sobolev, we 
write out the acoustic approximation for this problem and determine the region of its ap- 
plicability. It is shown that in the region in which the acoustic approximation is not appli- 
cable, the flow in the principal  t e rm is descr ibed by the incompress ible  fluid equations for 
which the boundary conditions are  defined by the acoustic region. The experimental  tech-  
nique is descr ibed and a compar ison of the theoret ical  and experimental  data is made. 

We examine the motion which develops as a resul t  of incidence of a shock wave, paral le l  to the xz 
plane, on a V-shaped cavity whose apex coincides with the z axis. The equation of state of the medium is 

Poco ~ (5• 
P = --~--. ~"- ]) (1) 

Ahead of the wave the velocity u=0,  p r e s su re  p =0, re la t ive density 5=1, the entropy measure  y =1, 
the density is P0, and the sound speed is c 0. The constant p r e s s u r e  Pl is specified at the shock wave front. 
The study is made under the assumption that the rat io 

s =  P~ (2)  
poCo '~ 

is small .  

In this case it turns  out that the flow examined in the principal  t e rm in x, y, z, t space breaks  down 
into two regions:  in the f i rs t  region, immediately adjacent to the front,  the principal  t e rm is determined 
by the l inearized equations of gasdynamics  (acoustic approximation), while in the second region the pr in-  
cipal t e rm is determined by the incompress ible  fluid equations. In the following, we present  the principal  
t e r m  in the region corresponding to the acoustic approximation and establish the region in which the pr in-  
cipal flow t e r m  is determined by the incompress ib le  fluid equations. 
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It  is  obvious  tha t  t he  f low is  i ndependen t  of the  z c o o r d i n a t e ;  t h e r e f o r e ,  we e x -  
a m i n e  the  f low in the  x, y p l a n e .  It fo l lows  f r o m  the  cond i t ions  at  t he  shock  wave  tha t  
at  the  f ron t  

p ~ P 0 e 0 % ,  6 ~ t  q - e ,  u . ~ 0 ,  u y ~ e c 0 ,  D ~ c 0  (3) 

w h e r e  D is the  wave  ve loc i ty~  

At  t he  f r o n t  u / c 0 ~  ~. As  long as  th i s  r a t i o  r e m a i n s  s m a l l ,  we can  c o n s i d e r  t he  
a c o u s t i c  a p p r o x i m a t i o n ;  in t h i s  a p p r o x i m a t i o n  we can  a s s u m e  tha t  

(4) 

O p _ O ,  o~y . I o p  0 r 
o~: -SF'- § p---j 07  = 

p = PoCo2(6 - -  t) 

The  l i n e a r i z e d  g a s d y n a m i c  equa t ions  a r e  

Op ( au~ Ou~ ~ au~ 1 
o--F + 9~176 \ ~ - .  + --~-y ] = O, - - ~  + p c  - -  - 

The m o t i o n  beh ind  the  f ron t  a f t e r  i t s  i n c i d e n c e  on the  hol low wedge  i s  s e l f - s i m i l a r .  The  s e l f - s i m i l a r  
v a r i a b l e s  a r e  ~ = x / t ,  ~? = y / t  (t i s  t i m e  r e c k o n e d  f r o m  the m o m e n t  of i nc idence ) .  The  l ine  ~/=c o c o r r e s p o n d s  
to  the  shock  wave  f ron t .  The equa t ions  of m o t i o n  in the  a c o u s t i c  a p p r o x i m a t i o n  c o i n c i d e  with the  equa t ions  
w r i t t e n  in L a g r a n g i a n  c o o r d i n a t e s .  T h e r e f o r e ,  in the  a c o u s t i c  a p p r o x i m a t i o n  the  f r e e  b o u n d a r y  c o i n c i d e s  
with t he  s i d e s  of t he  wedge ,  i . e . ,  

----- ~ t g  7~1 (27 is the wedge angle). (6) 

In t he  5, ~? p l ane ,  o u t s i d e  t he  r e g i o n  cut  out by  the  c h a r a c t e r i s t i c s  e m a n a t i n g  f r o m  the  po in t s  w h e r e  
t he  f r o n t  c r o s s e s  the  f r e e  b o u n d a r y ,  t he  v a l u e s  of the  g a s d y n a m [ c  func t ions  c o i n c i d e  with the  c o r r e s p o n d -  
ing v a l u e s  at  the  f ron t .  In the  v a r i a b l e s  ~, ~ the  a c o u s t i c  equa t ions  wi l l  be  

~o5 o6 ( Ou x . ~Ouy \ Oux Oux s 05 Ouv ~ . ouv ~ 05 

The  flow c h a r a c t e r i s t i c s  wi l l  be  the  s t r a i g h t  l i ne s  

---- C~ (8) 

c o r r e s p o n d i n g  to t he  s t r e a m l i n e s ,  the  s t r a i g h t  l i ne s  

~1 =- P ~  ] / t  q-p~ co (9) 

and the  c i r c u l a r  a r c  enve lop ing  t h e m  

~ + ~12 m_ c~o (10) 

The  r e g i o n  of c o n s t a n c y  is  bounded  b y  the  f ron t  ~/=c0, and by  the  c h a r a c t e r i s t i c s  AB,  A ' B ' ,  B B ' .  
(Shaded r e g i o n  in F i g .  1.) 

The  equa t ion  of the  c h a r a c t e r i s t i c  AB is  

~1 ~--- ~__ [tg 2 y~ - - c  o ] / ' t  q- tg ~ 27](+ N 7 :  ~ t /4n,  - -  ~ 7  ~ 1/4~) (11) 
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T h e  e q u a t i o n  of t h e  c h a r a c t e r i s t i c  A ' B '  i s  

~l]= ~__ [tg 2 ~ ] - - [ c 0 ]F t  + tg227] ( - -  ~-~7]< t /4g,  + ~ ?  ~ t /4n)  (12) 

In  F i g .  1 t h e  b r o k e n  l i n e  B A C O C ' A ' B  ~ and  t he  c i r c u l a r  a r c  BB ~ b o u n d  on t he  p l a n e  of t he  s e l f - s i m i -  

l a r  v a r i a b l e s  ~, V the  z o n e  d i s t u r b e d  b y  t h e  w a v e  wh ich  r e f l e c t s  f r o m  t h e  cu tou t  b o u n d a r y .  In  t h i s  r e g i o n  
t he  f low i s  p o t e n t i a l .  T h e  s o l u t i o n  of t h e  a c o u s t i c s  e q u a t i o n s  in  t h i s  r e g i o n  was  f i r s t  c a l c u l a t e d  b y  Sobo lev  

[1] u s i n g  f u n c t i o n a l l y  i n v a r i a n t  s o l u t i o n  t h e o r y .  

A f t e r  i n t r o d u c i n g  the  p o t e n t i a l  ~p in  t he  f o r m  

(~ (x, ~, t) = t(D (~, n) (13)  

t h i s  s o l u t i o n  c a n  b e  w r i t t e n  as  

(D ~ 0 on free boundary OA and OA" 

O = --co2e [sin 22~ - -  (t - -  cos 27)~1 in region C'A 'B"  

: Co 2 e [sin 27~ - -  (1 - -  cos 27)~1] in region C A B  

(D = (D O (~, rl)in region C O C ' B ' B C  

(14) 

Here 

q). [~ + (2n + t)c* ] / t  - -  r l] cos (2n + t ) a ( n  --0)  

i 6 (g --  7) ~ c0~e cos (2n + J) ~T g' 
C n = ( - - t )  n ( 2 n + l )  i ( 2n+ l )2g~- -4 (n - -~ )  ~] ' ~ =  2(g--I-----~ (15) 

r = V-~ + ~' ~ , oo oq) 
- co ' O =  a rc tg -~ -  u ~ =  o~ ' u v =  o~1" (16) 

F r o m  t h e  f i r s t  a n d  s e c o n d  e q u a t i o n s  (7) and  t he  c o n d i t i o n  �9 =0  at  t he  f r e e  b o u n d a r y ,  it  f o l l ows  tha t  

c02 (6 - -  l)  = ~0(D / 0~ + ~10(D / 0~l - -  (D ~ rO(D/Or - -  (D (17) 

T h e  s e r i e s  d e f i n i n g  6 c a n  b e  s u m m e d  

[ cos~(-; + ~+0) , ]  tg cos a (~ + ~ --  0) ~_ arc tg 5 = I + e arc sh uq sh aq 

q = l n ( t  + 1 / t  - - r  2) - - l n r  (18) 

In  t h e  p r e s e n t  p a p e r  we d r a w  c e r t a i n  q u a l i t a t i v e  c o n c l u s i o n s  f r o m  t h e s e  f o r m u l a s  and  c o m p a r e  t h e m  

wi th  e x p e r i m e n t .  

I t  f o l l o w s  f r o m  (15) and  (18) t h a t  a s  r ~  0 
(19) 0 0  ~ 0(l) ~ . 

~--~ 4 c o ~  e cos0cTCOSa (n - -  0) r~-% - ~ - ~  4c02 a--~-T e coszcTsmzc(g - -  0) r ~ 
Or 

5 - -  i ~ 48 cos a ? cos a (u - -  0)r ~ 

T h e  s o l u t i o n  (15), (18) t h e r e f o r e  c o r r e s p o n d s  to t he  a c o u s t i c  a p p r o x i m a t i o n  bu t  is  v a l i d  on ly  in  t he  
r e g i o n  in  w h i c h  t h e  p a r t i c l e  v e l o c i t y  is  s m a l l  i n  c o m p a r i s o n  wi th  the  s o u n d  s p e e d .  A s  r ~  0 

c o 

S i n c e  1 / 2  < e < l ,  a s  r ~  0, t h e  v a l u e  of v 2 ~  ~ ;  t h e r e f o r e ,  i t  i s  n e c e s s a r y  to i d e n t i f y  t h e  r e g i o n  in  
wh ich  t h e  a c o u s t i c  a p p r o x i m a t i o n  is  v a l i d .  As  a r e s u l t  of  s u b s t i t u t i n g  t he  a s y m p t o t i c  e x p r e s s i o n  (19) in to  
t he  l i n e a r i z e d g a s d y n a m i c  e q u a t i o n s  f o r  i s e n t r o p i c  and  p o t e n t i a l  f lows ,  we f ind  t h a t  the  a c o u s t i c  a p p r o x i m a -  
t i o n  c a n  b e  u s e d  o n l y  in t h a t  r e g i o n  w h e r e  ~r~ 1. To  s t u d y  the  s o l u t i o n  i n t h e  r e g i o n  w h e r e  e r e - 2 ~ 0 ( 1 ) ,  

i t  i s  c o n v e n i e n t  to c o n v e r t  to  t h e  n e w  s c a l e s  

r = ~I (~-~)  17 ,  (D ~ 82/(~-~) ~ ,  6 -- i = e 2/(~-~) A ( 2 1 )  

In  t h i s  c a s e  the  r e g i o n  of f i n i t e  v a l u e s  of R is  s u b j e c t  to i n v e s t i g a t i o n .  A p p r o a c h  of r to 0 in  the  
a c o u s t i c  r e g i o n  m e a n s  t h a t  R ~  ~o C o n s e q u e n t l y ,  a s  1R~ r162 t h e  f o l l o w i n g  a s y m p t o t i c  r e l a t i o n  is  v a l i d :  
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/4C0 2 
~ _ ~ c o s a ' ~ c o s a O R  ~, A = 4 cosaycos~0R ~ (22) 

I t  fo l lows  f r o m  the  equa t ions  ob ta ined  by  s u b s t i t u t i n g  (21) into the  g a s d y n a m i c  s y s t e m  f o r  i s e n t r o p i c  
and p o t e n t i a l  f lows  tha t  a s  e-* 0 and f o r  f in i t e  va l tms  of R the  fo l lowing  equa t ion  m u s t  b e  s a t i s f i e d :  

0 ~  t 0 ~  t 0~ = 0  
0R~ ~-R ~ 00 ~ -~ R 0/~ (23) 

i . e . ,  r Q) is  a h a r m o n i c  func t ion  s a t i s f y i n g  the  a s y m p t o t i c  r e l a t i o n  

4c .  ~ 
~-. ~ cos cz~'cos aOR ~ for R ~ oo (24) 

Since  the  a c o u s t i c  a p p r o x i m a t i o n  c e a s e s  to  b e  v a l i d  f o r  f in i t e  v a l u e s  of R, t he  f r e e  b o u n d a r y  in the  
~, U p lane  no l o n g e r  c o i n c i d e s  with the  s t r a i g h t - l i n e  s e g m e n t s .  Along  the  f r e e  b o u n d a r y  the  fo l lowing  e q u a -  
t i ons  m u s t  b e  s a t i s f i e d :  

Ox Oy _ o~ _~_ 
at --  u, o-Y --  v, 0-5- + v ~ = 0 (25) 

which  in the  v a r i a b l e s  ~, ~] and the  func t ion  r 7) is  w r i t t e n  as  

0~1 05 05 

We note ,  i n c i d e n t a l l y ,  t ha t  the  b o u n d a r y  cond i t ion  (26) y i e l d s  the  s a m e  s c a l e  fo r  t r a n s i t i o n  f r o m  the  
r e g i o n  w h e r e  a c o u s t i c s  g o v e r n s  into the  r e g i o n  in which the  i n c o m p r e s s i b l e  f lu id  equa t ions  a p p e a r  in the  
p r i n c i p a l  t e r m .  

Obv ious ly ,  a s  R--* co the  equa t ion  of t he  f r e e  b o u n d a r y  wi l l  be  

~ ~ tg ~ l  (27) 

Thus  the  p r o b l e m  is  r e d u c e d  to  f inding  the  h a r m o n i c  func t ion  r 7) which  s a t i s f i e s  t he  a s y m p t o t i c  
r e l a t i o n  (24) and the  cond i t i ons  at  the  f r e e  b o u n d a r y  (26). 

The  e x p e r i m e n t a l  s tudy  of the  p r o c e s s  of shock  wave  i n c i d e n c e  on a c o r n e r  was  a c c o m p l i s h e d  with  
the  a id  of the  SFR h i g h - s p e e d  p h o t o r e c o r d e r  o p e r a t i n g  in the  t i m e  m a g n i f i c a t i o n  r e g i m e  with  f r a m e  r a t e  
106 p e r  s econd .  The  e x p e r i m e n t s  w e r e  conduc ted  in d u r a l  s p e c i m e n s  with  t he  d i m e n s i o n s  shown in F i g .  2. 
E x p l o s i v e  c h a r g e s  m a d e  f r o m  hexogen  and TG 50/50 w e r e  u sed  as  the  shock  wave  s o u r c e s .  Spe c i a l  c o n i c a l  
c h a r g e s  m a d e  f r o m  two e x p l o s i v e s  wi th  d i f f e r e n t  de tona t ion  r a t e s  w e r e  p r e p a r e d  in o r d e r  to  ob ta in  a p l a n e  
shock  wave .  The  c h a r g e s  w e r e  p l a c e d  d i r e c t l y  on the  u p p e r  s u r f a c e  of the  s p e c i m e n .  

The  ang l e s  y at  t he  apex of t he  o b s e r v e d  wedge w e r e  15, 30, 32 ~ F i g u r e  3 shows  p h o t o g r a p h s  of the  
j e t  f o r m a t i o n  p r o c e s s  f o r  the  a n g l e s  ~/=15 ~ and y =32 ~ 

In c o m p a r i n g  the  r e s u l t s  of the  t h e o r e t i c a l  s tudy  and the  e x p e r i m e n t a l  d a t a ,  we c o m p a r e d  the  v e l o c -  
i t i e s  w of the  m o t i o n  of the  point  of i n t e r s e c t i o n  of the  f r e e  b o u n d a r y  with the  ax i s  of s y m m e t r y ,  t he  " c o l -  
l a p s e "  poin t ,  and the  f r e e  b o u n d a r y  p r o f i l e .  In the  a c o u s t i c  a p p r o x i m a t i o n  the  q u a n t i t i e s  r and 0 can  be  
c o n s i d e r e d  the  L a g r a n g i a n  c o o r d i n a t e s  and we can  use  (22) to  f ind  the  E u l e r i a n  c o o r d i n a t e s  of a g iven  poin t .  
The  c o r r e s p o n d e n c e  b e t w e e n  the  E u l e r i a n  and L a g r a n g i a n  c o o r d i n a t e s  wi l l  not be  o n e - t o - o n e  in the  v i c i n i t y  
of the  c o l l a p s e  point .  Th i s  i s  a s s o c i a t e d  with the  f ac t  t ha t  the  a c o u s t i c  a p p r o x i m a t i o n  is  not  a p p l i c a b l e  in 
t h i s  v i c i n i t y .  S p e c i f i c a l l y  , the  h a l f - l i n e s  c o r r e s p o n d i n g  to  the  f r e e  b o u n d a r y  b e c o m e  two c u r v e s  which  c r o s s  
on the ax i s  of s y m m e t r y .  The  po in t  of i n t e r s e c t i o n  of t h e s e  c u r v e s  can  b e  t a k e n  as  t he  c o l l a p s e  point ,  and 
the  c u r v e  s e g m e n t s  l o c a t e d  be low th i s  poin t  can  b e  t aken  a s  the  f r e e  b o u n d a r y  p r o f i l e .  We  note  tha t  the  
f r e e - b o u n d a r y  p r o f i l e  ob ta ined  in t h i s  way wi l l  change  with t i m e ;  h o w e v e r ,  the  ang le  f o r m e d  by  the  p r o f i l e  
with t he  ax i s  of s y m m e t r y  at  t he  c o l l a p s e  poin t  does  not  depend  on the  t i m e .  The  fo l lowing  c o m p a r a t i v e  
d a t a  d e s c r i b e  the  v e l o c i t i e s  w of the  c o l l a p s e  po in t  O, and F i g .  4 shows  the  f r e e - b o u n d a r y  p r o f i l e s  ob ta ined  
e x p e r i m e n t a l l y  f o r  t = ~ (B'OB),  and f r o m  the  a c o u s t i c  a p p r o x i m a t i o n  (dashed  l ine  A 'OA)  f o r  s o m e  de f in i t e  
v a l u e  of t .  

F o r  y =15 ~ the c a l c u l a t e d  w = 9000 m / s e c ,  e x p e r i m e n t a l  w = 7000-8000 m / s e c ;  f o r  ~ =30 ~ the  c a l c u l a t e d  
w = 7000 m / s e c ,  e x p e r i m e n t a l  w =6000-8000  m / s e c .  
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